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We compute the transport and chaos properties of lattices of quantum Sachdev-Ye-Kitaev islands
coupled by single fermion hopping, and with the islands coupled to a large number of local, low
energy phonons. We find two distinct regimes of linear-in-temperature (T ) resistivity, and describe
the crossover between them. When the electron-phonon coupling is weak, we obtain the ‘incoherent
metal’ regime, where there is near-maximal chaos with front propagation at a butterfly velocity vB ,
and the associated diffusivity Dchaos = v
2
B/(2piT ) closely tracks the energy diffusivity. On the other
hand, when the electron-phonon coupling is strong, and the linear resistivity is largely due to near-
elastic scattering of electrons off nearly free phonons, we find that the chaos is far from maximal
and spreads diffusively. We also describe the crossovers to low T regimes where the electronic
quasiparticles are well defined.
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I. INTRODUCTION
Most strongly correlated metals exhibit “strange” or
“bad” metal behavior with a linear-in-temperature (T )
resistivity, with values which can exceed the Mott-Ioffe-
Regel limit1. Recent studies2–9 (and in some earlier re-
lated work10) have shown that such behavior appears
naturally in lattice models of coupled ‘islands’, with
each island described by a N orbital Sachdev-Ye-Kitaev
(SYK) model11–13 of random all-to-all two-body (four-
fermion) interactions. When the coupling between the is-
lands is a two-body interaction2,3, we obtain a non-Fermi
liquid metal with a T -independent resistivity. However,
with a one-body hopping between islands as in Fig. 1 (the
hopping can be random or non-random),4–7 we obtain a
linear-in-T resistivity for Ec  T  U , where U is the
root-mean-square interaction strength within an island,
t0  U is the root-mean-square one-body hopping, and
Ec = t
2
0/U .
We note in passing that a pair of SYK islands of
Majorana fermions with identical two-body interactions,
coupled by one-body hopping, have been used to de-
scribe eternal traversable wormholes in a dual gravity
theory14–16. We also note that we take the large N limit
with t0/U fixed, with couplings in the Hamiltonian scaled
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FIG. 1. Schematic of the lattice of SYK islands, each with N
orbitals with two-body interaction U . The islands are coupled
with one-body hopping t0.
with N as in (3.1), and so implicitly assume e.g. that
t0  U/N .
A remarkable consequence of the SYK description is
that it opens up insightful connections between strange
metal transport and many-body quantum chaos12,17–20.
The chaos is characterized by a butterfly velocity, vB ,
and a Lyapunov rate, λL, and it has been argued
18 that
under certain conditions there is an upper bound on the
Lyapunov rate λL ≤ 2piT as T → 0. We can combine
these chaos characteristics to obtain a ‘chaos diffusion
constant’ Dchaos = v
2
B/λL. Using insights from holo-
graphic models, Blake21,22 argued that there was a close
connection between Dchaos and the diffusivities of strange
metal transport. Subsequent work noted that while ad-
ditional parameters appeared in the value of the charge
diffusivity23, there was indeed a close connection2,24,25
between the values of Dchaos and the energy diffusivity,
DE . The close connection between chaos and energy dif-
fusion is also a central feature of recent quantum hydro-
dynamic descriptions26–28 of strongly interacting fluids.
In the first part of the present paper, we study the
coupled SYK models with one-body hopping introduced
by Song et al.4. We will extend their transport results to
computations of out-of-time-order correlators (OTOCs).
In extracting the chaos parameters from the OTOCs, we
will employ recent insights on the structure of OTOCs by
Gu and Kitaev29. They argued that large N systems of
the type we examine have OTOCs in frequency (ω) and
momentum (q) space of the form
OTOC(q, ω) ∼ 1
N cos(λL(q)/(4T ))
1
[ω − iλL(q)] , (1.1)
where the Lyapunov rate λL(q) is now q-dependent. Dif-
fering ways of extracting the butterfly velocity, vB , from
the q dependence of λL(q) have been discussed in the lit-
erature. Gu and Kitaev argued that in a regime close
to maximal chaos, the appropriate method relies on the
pole of Eq. (1.1) which appears when the Lyapunov rate
λL(q1) = 2piT , (1.2)
the maximal value. This happens (as we will show by
explicit computation in our model) when the momentum
is purely imaginary, q1 = i|q1|. From the value of q1, we
can now define a butterfly velocity and a chaos ‘diffusion
constant’ by
vB =
2piT
|q1| , Dchaos =
v2B
2piT
=
2piT
|q1|2 . (1.3)
We will compute the value of Dchaos for the model of
Song et al.4; we find that it closely tracks the energy
diffusivity, DE , in the incoherent strange metal regime,
as was noticed in earlier models24,25.
The second part of our paper will study the role of
phonons in strange metal transport. Our motivation is
drawn from recent observations of the thermal diffusivity
of a strongly-coupled ‘electron-phonon soup’ in cuprate
superconductors30,31. Here we will employ the model
of strong electron-phonon coupling introduced by Wer-
man et al.32,33, and combine it with the model of strong
electron-electron interactions by Song et al.4. However,
our approach does have some limitations, and so a di-
rect contact with observations30,31 is not possible at this
stage. In our framework, the phonons largely act as a
heat bath of free oscillators, which influences the electron
dynamics. However, the feedback from the electrons to
the phonon dynamics is small, and so it is not appropri-
ate to consider the combined system as a single chaotic
soup characterized by a single butterfly velocity.
We will show that, provided the electron-phonon cou-
pling is not too strong, the phonons do not alter the
basic characteristics of the strange metal theory with-
out phonons discussed in Section III, and summarized
in Fig. 2. The main influence of the phonons is in al-
tering the slope of the linear-in-T resistivity, and vari-
ous related numerical prefactors. These corrections are
characterized by a single dimensionless parameter gt0/U ,
where g measures the strength of the electron-phonon
coupling. This additional parameter introduces a degree
of non-universality in our results, which we expect will
be overcome in a theory which uses a more self-consistent
approach.
For large electron-phonon coupling gt0/U  1, the
linear-in-T resistivity persists, but the chaos properties
are far from maximal and exhibit diffusive chaos propa-
gation. A summary of the crossovers in the transport and
chaos properties in a model with both electron-electron
and electron-phonon interactions appears in Fig. 2.
The plan of our paper is the following. Section II
will recall the description of structure of scrambling from
Ref. 29. We will start Section III by reviewing previous
results on SYK-based strongly correlated metal (the t-U
model). Then we present the calculation of the scram-
bling rate and butterfly velocity in this t-U model. We
3⇢ =
2p
⇡
T
Ec
+ const
T

=
16
⇡5/2
T
Ec
+ const
 L
T
= 2⇡  O(gt0/U)
v⇤ < vB , DE ⇡ Dchaos
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⇢ =
⇡
2
gt0
U
T
Ec
+ const
 = electron + phonon
T
electron
=
3
2⇡
gt0
U
T
Ec
+ constant
 L ⇠ T
2
Ec
, v⇤ > vB
phonon   electron
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FIG. 2. Crossovers as a function T for gt0/U  1 and gt0/U  1, where g is a dimensionless measure of the electron-phonon
coupling. The two chaos velocities v∗ and vB are defined as in Ref. 29. The resistivity is ρ (in units of h/e2), the thermal
conductivity is κ (in units of k2BT/~), and the thermal diffusivity is DE . The chaos exponent λL, and the diffusivities Dchaos
and D∗ are defined in Section II. There is near-maximal chaos and front propagation with velocity vB only in the “incoherent
metal” regime which has v∗ < vB . The other regimes have v∗ > vB and diffusive propagation of far-from-maximal chaos. Here
κphonon refers to the phonon drag correction, discussed in Section V E. The values above do not include the saturation effects
discussed in Section V D.
discuss a generalization of the t-U model to incorporate
phonons in Sections IV-VII.
II. DESCRIPTION OF SCRAMBLING
In this section, we review the description of scrambling
in a many-body system, following Ref. 29. We are going
to define three quantities which we will calculate in Sec-
tion III for the t-U model. They are the scrambling rate
λL, short-distance scrambling diffusion coefficientD∗ and
the long-distance scrambling diffusion coefficient Dchaos.
A. Electron Out of Time Order Correlator
We will use the following out-of-time-order correlator
(OTOC) to characterize the scrambling:
OTOC(x; t1, t3; t2, t4) =
1
N2
∑
ab
Tr
(
yc†ax(t1)ycb0(t3)ycax(t2)yc
†
b0(t4)
)
conn.
,
where y4 =
exp(−βH)
Z
.
(2.1)
Here t1 ≈ t2  β, t3 ≈ t4 ≈ 0, and the operators are
evenly spaced along the imaginary time circle for our
convenience. In the time range β <∼ t  λ−1L lnN , the
4OTOC is expected to grow exponentially,
OTOC(x; t1, t3; t2, t4) ∝ 1
N
exp (λLt) , (2.2)
where t is the center of mass time separation:
t =
t1 + t2 − t3 − t4
2
, (2.3)
and λL is the Lyapunov exponent or scrambling rate.
We comment on the regularization y in the above defi-
nition. For a thermalizing system, we expect that the
details of the regularization will be washed out after
a thermal scale 1/β, and therefore will not affect the
Lyapunov exponent18. Technically speaking, the Bethe-
Salpeter equation approach we use searches for unstable
eigenmodes on double Keldysh countour from a generic
initial condition. The shift of regularization will affect
the definition of the Wightman propagator GW at short
times (see Appendix D), which enters into the Bethe-
Salpeter equation. Consequently, for the eigenmodes of
the equation, only the short time behavior is affected, not
the Lyapunov exponent that characterizes the growth of
chaos in a large time window. For the SYK model, our
expectations were verified in Ref. 34, and we expect sim-
ilar results here.
In general, scrambling can propagate in space and thus
the OTOC depends on x. If we Fourier transform posi-
tion x to momentum q, we will obtain a q-dependent
scrambling rate λL(q). For now we are interested in the
temporal growth of the OTOC, and consider the trans-
lationally invariant scrambling rate λL ≡ λL(q = 0).
Due to the presence of SYK type interactions, we ex-
pect that at high temperatures T  Ec, λL saturates
the chaos bound, i.e. λL/T ≈ 2pi, and at low tempera-
tures T  Ec, we expect that λL is given by the Fermi
liquid inelastic scattering rate, λL/T ∼ T/Ec (see Fig. 2).
B. Spatial Propagation of Scrambling and
Butterfly Velocity
We shift the focus to the spatial propagation of scram-
bling. To discuss the propagation, it is convenient to
discuss the Fourier transform of OTOC in both space
and time
OTOC(q,Ω,Ω′, ω) =
∫
ddxd3tOTOC(x; t1, t3; t2; t4)
×e−iq·x+iΩt34+iΩ′t21+iωt,
(2.4)
where tij = ti − tj , t = (t1 + t2 − t3 − t4)/2, and
by time-translation symmetry we have only integrated
over three time variables. As mentioned before, λL
depends on momentum, and this encodes the informa-
tion about scrambling propagation. The exponential
growth in Eq. (2.2) is translated to a pole singularity
OTOC(q, ω) ∼ c/(ω − iλL(q)).
x
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t = x/vB + tscr
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FIG. 3. Chaos crossovers in spacetime for v∗ < vB , adapted
from Ref. 29. In region A, the OTOC is diffusive, see (2.12).
In region B, the OTOC shows a wave-front propagation as
well as maximal chaos, see (2.14). In region C, the OTOC
does not grow. In regiond D, the OTOC has saturated.
As discussed in Section I, we will analyze the q-
dependent OTOC using the ladder identity of Ref. 29:
the prefactor of the OTOC contains a pole in q, as in
Eq. (1.1):
OTOC(q, ω) ∼ 1
N cos(λL(q)β/4)
1
ω − iλL(q) . (2.5)
The pole sits on imaginary q-axis at q1 = i|q1|, where
λL(q1) = 2piT , as noted in Eq. (1.2).
To obtain the propagation of scrambling, we Fourier
transform the OTOC back to real space:
OTOC(x, t) ∼
∫
ddq
(2pi)d
eλL(q)t+iq·x
N cos(λL(q)β/4)
, (2.6)
where we have evaluated the frequency integral by pick-
ing up the ω-pole and omitted regular factors which does
not change the qualitative behavior of the OTOC.
At large t and x, the above integral can be evaluated
using saddle point approximation. For convenience we
set d = 1 but the following discussion easily generalizes
to higher dimensions. Demanding the exponent in (2.6)
be stationary with respect to q, we obtain the saddle
point q∗ on the imaginary q-axis defined by
λ′L(q∗) = −ix/t, (2.7)
and the saddle point yields
OTOC∗(x, t) ∼ 1
N
eλL(q∗)t+iq∗|x|. (2.8)
Recalling the definition of q1 in Eq. (1.2), we note that
if |q1| < |q∗|, i.e. the pole sits between the saddle point
5 L(i|q|)
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FIG. 4. Schematic behavior of Lyapunov exponent λL(q)
on the imaginary q-axis at strong and weak interaction re-
spectively (from Ref. 29). The pole in the prefactor of the
OTOC sits at q1, where λL(q1) = 2piT . The butterfly veloc-
ity vB (1.3) is the slope of blue lines. The threshold velocity
v∗ is the tangent slope (red lines) of λL(q) at q1. At strong
interaction (a) v∗ < vB and at weak interaction (b) v∗ > vB .
and the real q-axis, we will hit the pole when we deform
the integration contour, and we must include the pole
contribution to the OTOC:
OTOC1(x, t) ∼ 1
N
e2piT (t−|x|/vB) , (2.9)
where vB was defined in Eq. (1.3). As shown in Fig. 4,
λL(i|q|) is a convex function of |q|, and therefore we can
rewrite the condition |q1| < |q∗| as iλ′L(q1) < iλ′L(q∗),
i.e.
|x|/t > v∗ ≡ iλ′L(q1). (2.10)
We refer to v∗ as the threshold velocity with the following
meaning: If |x/t| > v∗, q1 will be hit during the defor-
mation of integration contour, so the pole will contribute
to the OTOC and vice versa.
We now proceed to discuss behaviors of the OTOC in
different regimes. Let
tscr ≈ (lnN)/λL (2.11)
denote the scrambling time after which, the OTOC sat-
urates to O(1). Then the propagation of the OTOC has
the following behavior (see Fig. 3):
1. In the incoherent metal regime T  Ec , λL(0) is
close to maximal and we have v∗ < vB (see (a) of
Fig. 4).
At short distances vB(t − tscr) < |x| < v∗t and
|q∗| < |q1|, so the OTOC receives contribution only
from the saddle point, and it has a diffusive behav-
ior in region A of Fig. 3. We further assume that
q∗ is small so that a Taylor expansion of λL(q∗) is
valid, and we arrive at a diffusive OTOC:
OTOC(x, t) ∼ 1
N
eλL(0)t−x
2/(4D∗t), (2.12)
where the diffusion coefficient D∗ is defined by
λL(q) = λL(0)−D∗q2 +O(q4). (2.13)
The form of the λL(q) is similar to the one ap-
pears in the linearized reaction-diffusion equation
(also known as the Fisher-Kolmogorov-Petrovskii-
Piskunov equation, for its relation to OTOC see
e.g. Ref. 35). However, the comparison is merely
formal, the diffusion coefficient D∗ here does not
necessarily correspond to physical transport, in
particular it does not agree with the energy diffu-
sion as will be shown in Fig. 7. In contrast, for the
weakly coupled theories35–37 where a quasi-particle
picture still applies, the coefficient D∗ could be re-
lated to the diffusion pole of the Green’s function.
For the incoherent metal, we do not know the exact
microscopic origin of D∗ since it is strongly inter-
acting. We may speculate that the appearance of
D∗ as well as the slow down of the butterfly effect
(comparing to the maximal chaos at long distance
discussed below) are attributed to the “conformal
matters” inherited from the SYK model.
At long distances max{v∗t, vB(t−tscr)} < |x| < vBt
and |q∗| > |q1|, so the OTOC contains contri-
bution both from the saddle point and the pole.
Since the pole contribution grows with time at
maximal chaos rate, it dominates the OTOC. The
OTOC shows a wave-front propagation with max-
imal chaos in region B of Fig. 3:
OTOC(x, t) ∼ 1
N
e2piT (t−|x|/vB). (2.14)
For later comparison to energy transport, it is con-
venient to introduce a ‘diffusion coefficient’ (as in
Eq. (1.3))
Dchaos ≡ v2B/(2piT ) = 2piT/|q1|2. (2.15)
We refer to D∗ as short-distance diffusion coeffi-
cient and Dchaos as long-distance diffusion coeffi-
cient.
2. In the Fermi-liquid regime, λL(0) is far from maxi-
mal and v∗ > vB (see Fig. 4(b)). As a consequence,
6even if the pole contributes to OTOC it is exponen-
tially small relative to the non-growing part, so we
always observe a diffusive OTOC as in Eq.(2.12).
In terms of Fig. 3, region A now dominates the
chaos and region B completely disappears.
III. SCRAMBLING AND BUTTERFLY
VELOCITY IN THE t-U MODEL
A. The t-U model
In this section, we review the basic properties of the
t-U model4. In the t-U model, there is a SYK-type is-
land on each site of the lattice. Each SYK island consists
of N flavors of electrons, and the electrons interact with
each other via a four-fermion random interaction Uabcd,x.
Electrons can also hop to adjacent islands with a random
amplitude tabxx′ . The Hamiltonian of the t-U model illus-
trated in Fig. 1 is
H = Hhopping +HSYK, (3.1)
Hhopping =
1√
zN
∑
<xx′>
∑
ab
tabxx′c
†
axcbx′ , (3.2)
HSYK =
1
(2N)3/2
∑
x
Uabcd,xc
†
axc
†
bxccxcdx. (3.3)
Here cax is the electron annihilation operator, where x
labels lattice site, and a labels flavor. tabxx′ and Uabcd,x
are Gaussian random couplings satisfying tabxx′ = (t
ba
x′x)
∗,
Uabcd,x = −Ubacd,x = −Uabdc,x = U∗cdab,x, |tabxx′ |2 = t20,
|Uabcd,x|2 = U2. z is the coordination number of the
lattice. We will work in the limit of U  t0 and large N .
The analysis of Ref. 4 shows the theory has a coher-
ence energy scale Ec = t
2
0/U . Various properties of the
system, such as the entropy S, the conductivity σ, and
the thermal conductivity κ/T , are universal functions of
T/Ec. When T < Ec, the system demonstrates a heavy-
Fermi liquid like behavior: the entropy is proportional
to T , with a large slope compared to free fermions. The
resistivity ρ = 1/σ and the inverse thermal conductivity
T/κ grows quadratically in T , suggesting the existence
of quasiparticle excitations. When T > Ec, the system
behaves as an incoherent metal, where the entropy sat-
urates to a constant value predicted by the SYK model,
and both ρ and T/κ grows linearly with T .
B. Green’s Function
In this section we review Green’s functions of the t-U
model in both imaginary time and real time. The imagi-
nary time Green’s function is useful for thermodynamics,
and the real time Green’s function is useful for transport
and scrambling.
1. Imaginary Time
We start with the imaginary time Green’s function.
We first perform disorder averaging over t and U ,
and due to the self-averaging property of SYK model,
we can do this with a single replica. After that we
introduce the Green’s function bilinear Gx(τ1, τ2) =
−(1/N)∑a cax(τ1)c†ax(τ2), and the self-energy Σ(τ1, τ2)
as a Lagrange multiplier to impose the definition, and we
can obtain the imaginary time action Sβ [G,Σ] as
Sβ [G,Σ]
N
= −
∑
x
Tr ln(∂τ + Σx)
−
∑
x
∫
d2τΣx(τ1, τ2)Gx(τ2, τ1)
−
∫
d2τ
[∑
x
U2
4
Gx(τ1, τ2)
2Gx(τ2, τ1)
2
−
∑
<xx′>
t20
2z
Gx(τ1, τ2)Gx′(τ2, τ1)
]
.
(3.4)
In the largeN limit, we can obtain the equation of motion
from saddle point expansion:
G−1(iωn) = iωn − Σ(iωn),
Σ(τ) = t20G(τ)− U2G(τ)2G(−τ).
(3.5)
The above equations are solved numerically by combin-
ing iteration and fast Fourier transform (FFT). See Ap-
pendix A for more details.
2. Real Time
Next, we turn to the computation of real time Green’s
function. We use the Keldysh formalism (see Ap-
pendix B) to compute the retarded and the advanced
Green’s functions. In the Keldysh formalism, the time
contour for path integral is doubled to a forward branch
s = + and a backward branch s = −. The Keldysh ac-
tion is SK = S[ψ+]−S[ψ−], where S is the original action
and ψ+, ψ− are fields supported on the forward and the
backward branch respectively.
We perform the disorder average over t, U of the
Keldysh action, and then introduce the Green’s function
bilinear iGss′x(t, t
′) = (1/N)
∑
a caxs(t)c
†
axs′(t
′) and the
Lagrange multiplier Σss′x(t, t
′) to impose the definition.
7As a result, we obtain the Keldysh action SK which reads
iSK [G,Σ]
N
=
∑
x
Tr ln(i∂tσ
z
ss′ − Σss′x)
+
∑
ss′
∑
x
∫
d2tΣs′sx(t
′, t)Gss′x(t, t′)
−
∑
ss′
ss′
∫
d2t
[∑
x
U2
4
Gss′x(t, t
′)2Gs′sx(t′, t)2
+
∑
<xx′>
t20
2z
Gss′x(t, t
′)Gs′sx′(t′, t)
]
.
(3.6)
Here s, s′ = ±1 denote the two branches, and the Pauli
matrix σz acts on ss′ indices. The Green’s functions Gss′
can be combined into retarded, advanced and Keldysh
Green’s functions using Keldysh rotation
GR =
1
2
(−G−− +G−+ −G+− +G++),
GK =
1
2
(G−− +G−+ +G+− +G++),
GA =
1
2
(−G−− −G−+ +G+− +G++).
(3.7)
The equations of motion can be obtained by varying
the Keldysh action SK . However there are multiple so-
lutions corresponding to different temperatures. We fix
the temperature by supplementing the fluctuation dissi-
pation relation
GK(ω) = (GR(ω)−GA(ω)) tanh ω
2T
. (3.8)
The equations of motion now take the following form
GR(ω)
−1 =ω − t20GR(ω)− ΣR(ω),
GK(ω) =2i tanh
ω
2T
ImGR(ω),
ΣR(t) =
1
2
U2GK(−t)GK(t)GR(t)
+
1
4
U2GK(t)
2G∗R(t) +
1
4
U2GR(t)
2G∗R(t).
(3.9)
The above equations can also be solved using iteration
and FFT (see Appendix A).
C. Computation of the OTOC
We will use the kinetic equation method to numeri-
cally obtain the scrambling rate λL(q) as a function of
momentum q and then use the ladder identity to com-
pute diffusion coefficients D∗, Dchaos which were defined
in Section II.
We first derive equations for the following retarded
OTOCs
f1(x; t1, t3; t2, t4) =
1
N2
θ(t24)θ(t13)∑
ab
Tr
(
y2{cax(t1), c†b0(t3)}†y2{cax(t2), c†b0(t4)}
)
,
f2(x; t1, t3; t2, t4) =
1
N2
θ(t24)θ(t13)∑
ab
Tr
(
y2{cax(t1), c†b0(t3)}y2{cax(t2), c†b0(t4)}
)
.
(3.10)
Here, we have introduced two types of OTOCs f1, f2 be-
cause in the complex SYK model there are two ways to
arrange fermionic arrows, as shown in the following dia-
gramatical representation:
f1(q,Ω,Ω
′, ω) =
Ω + ω/2 Ω′ + ω/2
Ω′ − ω/2Ω − ω/2
f1 ,
f2(q,Ω,Ω
′, ω) =
Ω − ω/2 Ω′ + ω/2
Ω′ − ω/2Ω + ω/2
f2 .
(3.11)
The retarded OTOCs f1 and f2 have the same Lyapunov
exponent as the OTOC defined in (2.1) but have simpler
diagrammatic expansions.
The Fourier transform f1(q,Ω,Ω
′, ω) is defined simi-
larly as in Eq.(2.4), and the Fourier transform of f2 is
defined as
f2(q,Ω,Ω
′, ω) =
∫
ddxd3tf2(x; t1, t3; t2; t4)
×e−iq·x+iΩt43+iΩ′t21+iωt,
(3.12)
where the signs of t43 and t21 are opposite to Eq.(2.4).
To get the Lyapunov exponent, we search for poles
of f1 and f2 at ω = iλL(q). The retarded OTOCs f1,
f2 have the same Lyapunov exponent λL(q) as the non-
retarded version (2.1), but it does not have the pole struc-
ture as Eq.(1.1), so it only has diffusive propagation.
As OTOCs, f1 and f2 can be conveniently computed
using the Keldysh perturbation theory, where the path
integral is adapted to include multiple time folds, as is
shown in Fig. 5. The time contour C now consists of
two real folds and two imaginary segments, with t = 0
identified with t = −iβ.
It is convenient to relabel fields on each real fold using
8r-a variables
ψri =
ψ+i + ψ−i√
2
,
ψai =
ψ+i − ψ−i√
2
,
(3.13)
where i = 1, 2 labels the two real folds as in Fig. 5, and
+/− labels the future/past directing segment. More de-
tails of Keldysh perturbation theory is included in Ap-
pendix B and C.
The OTOCs (3.10) can now be written as a path inte-
gral over the contour C, for example,
f1(x, t1, t3; t2, t4) =
∫
Dc ei
∫
C
dtddxL(t,x)
×c†r2,x(t1)ca2,0(0, t3)cr1,x(t2)c†a1,0(t4)
(3.14)
and there is a similar expression for f2.
We then expand Eq.(3.14) in powers of interaction ver-
tices, and sum over all the ladder diagrams to obtain the
Bethe-Salpeter equation for f1 and f2 at leading 1/N
order.
−∞
1 : t
2 : t− iβ/2
−∞− iβ
FIG. 5. The time contour C for calculating OTOC. The
contour is drawn such that the real time goes to the left,
which is convenient when acting by operators on left.
To begin with, it is convenient to sum over the hopping
vertices Eq. (3.2), because they contain all the momen-
tum dependence. This step is justified by the fact that
the hopping vertex is a momentum-dependent number
t20µ(q) (see (3.16)) in the functional space and therefore
it commutes with other operators. Diagrammatically, the
sum L(q,Ω, ω) is
Ω + ω/2 Ω + ω/2
Ω− ω/2Ω− ω/2
L = + + · · ·
(3.15)
In terms of propagators and couplings, this is
L(q,Ω, ω) = GR(Ω + ω/2)GA(Ω− ω/2)
+ µ(q)t20(GR(Ω + ω/2)GA(Ω− ω/2))2 + · · ·
=
GR(Ω + ω/2)GA(Ω− ω/2)
1− µ(q)t20GR(Ω + ω/2)GA(Ω− ω/2)
,
(3.16)
where µ(q) = 1z
∑
a e
iq·a is a summation over lattice
neighbors. At long wavelength, µ(q) = 1 − αq2 + · · · ,
and in practice we take µ(q) = cos(q), i.e. taking the
system to be an 1D chain with unit lattice spacing.
We move on to include other diagrams. The Bethe-
Salpeter equation can be written as
f1 = L
+ f1L + f2L ,
f2 = f2L˜ + f1L˜ , (3.17)
where each right/left propagator is a retarded/advanced
propagator, each vertical propagator is a Wightman
propagator GW (see Appendix. D), and L˜ is obtained
from L by reversing all arrows.
The Bethe-Salpeter equations above can be simplified
in the following manners:
1. The two legs on the right of f1, f2 are not relevant,
so we can suppress the Ω′ dependence.
2. At half filling, GR(t) and GA(t) are pure imaginary,
and it follows that L = L˜.
3. At half filling, the electron Wightman propagator
GW (t) is an even function, and it follows that all
the electron rung-diagrams agree up to symmetry
factor.
With the above simplifications, the Bethe-Salpeter
equation can be written as (we have suppressed the Ω′ ar-
gument, and numerical factors are explained in Appendix
C)
f1(q,Ω, ω) = L(q,Ω, ω)×[
1 + U2
∫
dΩ˜
2pi
K(Ω− Ω˜)(f1(q, Ω˜, ω) + 1
2
f2(q,−Ω˜, ω))
]
,
f2(q,−Ω, ω) = L(q,Ω, ω)×[
U2
∫
dΩ˜
2pi
K(Ω− Ω˜)(f2(q,−Ω˜, ω) + 1
2
f1(q, Ω˜, ω))
]
,
(3.18)
9where
K(Ω) =
∫
dµ
2pi
GW (µ)GW (µ+ Ω). (3.19)
Note here the argument in f2 has a minus sign to match
the convention of Fourier transform. The 12 factor is due
to combiatorics.
The Bethe-Salpeter equations (3.18) is a coupled equa-
tion for f1, f2. To obtain the Lyapunov exponent, we add
the two equations together and we obtain an equation for
the sum F = f1 + f2:
F (q,Ω, ω) = L(q,Ω, ω)
+
3J2
2
L(q,Ω, ω)
∫
dΩ˜
2pi
K(Ω− Ω˜)F (q, Ω˜, ω).
(3.20)
As a sanity check, we can take the t0 → 0 limit, and we
will recover the Bethe-Salpeter equation for the original
SYK model19. If we repeat the exercise for the difference
f1 − f2, we found that it has no exponential growth in
t0 → 0 limit, and we conclude that the sum F is the
correct place to look for Lyapunov exponent.
Following the approaches of Ref. 24, we will numer-
ically extract λL(q) from Eq.(3.20). The equation can
be written as a matrix equation F = L + (LK)ω,qF
and hence F = (1 − (LK)ω,q)−1L. As discussed ear-
lier, the exponential growth in time translates to a pole
at ω = iλL(q), and this implies that the matrix Mω,q =
1 − (LK)ω,q is singular at ω = iλL(q). Our algorithm
sweeps ω on the imaginary axis and searches for the point
where the smallest eigenvalue of Mω,q vanishes. The de-
tails of numerical implementation are in Appendix A.
Before moving to the results, we will make a few com-
ments on the relation between the retarded OTOCs f1,2
and the regular OTOC defined in (2.1).
• The retarded OTOCs contain linear combinations
of regular OTOCs with the same growing expo-
nent. Therefore, to obtain λL(q) for each momen-
tum q, one can choose to work on any type of
OTOCs. As we have mentioned, we decide to work
on retarded OTOCs because they have simpler dia-
grams. More explicitly, there is no interaction ver-
tex on the imaginary time circle for the retarded
OTOCs due to the cancellation among the terms
contained in f1 and f2.
• We are also interested in the spatial propagation of
the scrambling which relies on the pole structure
of OTOC in the momentum space. For this pur-
pose, we need to determine the prefactors that are
beyond the kinetic equation method and depend
on the types of OTOCs we choose. We will ap-
ply the ladder identity to achieve the prefactor for
the regular OTOC. The decision is explained as fol-
lows. Physically, the regular OTOC (2.1) contains
all the contributions to the scrambling. In contrast,
the retarded OTOCs may exclude some degrees of
freedom, e.g. in the single site SYK model, the con-
tributions from the reparametrization modes (i.e.
Schwarzian modes) are excluded and the retarded
OTOC only contains the “stringy” modes as dis-
cussed in Ref. 29 section 5.
• As a consequence of the ladder identity29, the reg-
ular OTOC (2.1) has a pole [cos(λL(q)/(4T ))]
−1 in
the prefactor. This pole leads to a sharp butterfly
wavefront discussed in Section II B; however the re-
tarded OTOCs do not have a similar pole due to
an additional factor cos(λL(q)β/4) in the numera-
tor. This may be explained by the following simple
observation. Let us try to expand e.g. f1 in (3.10)
and collect the OTOCs in the expression: there are
two terms with different regularization comparing
to the definition in (2.1). More exactly, they differ
by an imaginary time evolution ±β/4, and in to-
tal give a eiλLβ/4 +e−iλLβ/4 = 2 cos(λLβ/4) factor.
This factor exactly cancels the same factor in the
denominator coming from the regular OTOC.
In the end, let us also comment on the finite N ef-
fects in OTOCs. In this paper, we will only work on
the leading order in 1/N , namely within the validity
that OTOC ∼ eλLt/N . Physically, this corresponds
to the early time regime (i.e. long before the scram-
bling time/saturation, eλLt/N  1) where the important
physics is the initial growth of scrambling and the propa-
gation of chaos wavefront. In this regime, the scrambling
is simple and can be determined by linear equations we
derived. On the contrary, the physics in late time gener-
ally requires the knowledge of non-linearity, namely the
higher order in eλLt/N effects. In other words, the scram-
bling time is the time scale when we have to worry about
the finite N effect. In terms of diagrams, that means
we need to include non-melonic diagrams and diagrams
with multiple ladders. The detailed discussion of the non-
linear effects in SYK-like models is an interesting future
direction.
D. Numerical Result for Scrambling, Comparison
to Energy Transport
In this section, we present the numerical results for
λL ≡ λL(q = 0), D∗ and Dchaos, and compare D∗, Dchaos
to energy transport. The scrambling rate is plotted in
Fig. 6 and the scrambling diffusion coefficients are plotted
in Fig. 7. In Fig. 8, we compare the two characteristic
velocites v∗ and vB .
We first comment on the U/t0 dependence of our result.
We found that although the qualitative features are the
same, the overall magnitude of λL does depend on U/t0,
especially at high temperatures. The reason might be
the conformal symmetry breaking by temperature as in
the original SYK model. Anyway, we will focus on the
results of largest U value in practice which is U/t0 = 200.
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The numerical results show the following features:
1. At low temperatures, the scrambling rate λL grows
quadratically as T 2/Ec, which matches with expec-
tations from Fermi liquid theory. It is reported in
Ref. 8 that in a Majorana version of the t-U model,
λL vanishes identically below some critical temper-
ature, but our results do not support this.
2. At high temperatures, the scrambling rate λL ap-
proaches to a linear growth. Our numerical result
yields λL ≈ 6.2T , close to the chaos bound.
3. The short-distance scrambling diffusion coefficient
D∗ is roughly the order of Ec, with some weak T
dependence.
4. The long-distance scrambling diffusion coefficient
Dchaos increases with temperature, and surpasses
D∗ at temperature T/Ec ∼ O(1).
5. At low temperatures v∗ > vB and at high tem-
peratures v∗ < vB . The intersection is at at
T/Ec ∼ O(1). This agrees with the qualitative
features discussed in Sec. II B.
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FIG. 6. The zero momentum scrambling rate λL(q = 0) plot-
ted versus temperature T/Ec (U = 200t0). The inset zooms
into the low temperature region. The scrambling rate λL
grows as T 2/Ec at low temperatures, and saturates to a T -
linear curve at high temperatures.
Next, we compare the scrambling diffusion coefficients
D∗, Dchaos to the energy diffusion coefficient DE ≡ κ/C,
where κ is the thermal conductivity and C is the heat ca-
pacity. κ and C are plotted in Fig. 9. Both κ and C have
been computed in Ref. 4, and will be reproduced later in
this paper. We found that at low temperatures T  Ec,
D∗ ≈ Dchaos ≈ DE . However, at elevated temperatures,
the long-distance scrambling diffusion coefficient Dchaos
closely follows the energy diffusion coefficient DE , while
the short-distance scrambling diffusion coefficient D∗ has
a totally different behavior. This suggests that Dchaos
may arise from the degrees of freedom that are also re-
sponsible for energy transport. Both DE and Dchaos grow
●●● ●
● ●
●
●
●
●
● ●
■■■ ■ ■ ■ ■ ■ ■ ■ ■ ■◆◆◆ ◆
◆ ◆
◆
◆ ◆
◆ ◆ ◆
● DE■ D*◆ Dchaos
20 40 60 80 100T/Ec
50
100
150
200
D/Ec
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
● ●
■■■■■■■■■■■■■■■■■■■■■■■■■■ ■ ■◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆
◆◆◆◆◆◆◆◆◆
◆ ◆
0.0 0.5 1.0 1.5 2.0 2.50
2
4
6
8
10
12
FIG. 7. The scrambling diffusion coefficients D∗, Dchaos and
the energy diffusion coefficient DE plotted against tempera-
ture T/Ec (U = 200t0). The inset shows the low temperature
region. DE and Dchaos are roughly equal while D∗ differs
significantly.
linearly at low temperatures and saturate at high tem-
peratures. The linear growth parts have approximately
the same slope, but Dchaos saturates at lower tempera-
ture than DE . The difference in saturation might be due
to lattice details, because at high temperature q1 is com-
parable to inverse lattice spacing. This finding agrees
with the conjectured equivalence between energy trans-
port and scrambling propagation2,21,22,24,25,29.
We also comment on the relation to charge diffusion
coefficient DC = σ/K where σ is conductivity and K is
charge compressibility. According to Ref. 4, σ is an order-
one number at low temperatures and σ ∼ Ec/T at high
temperatures; K is of the order 1/U at all temperatures.
This implies thatDC ∼ U at low temperatures andDC ∼
t20/T at high temperatures. As a result, DC has totally
different behavior from DE , Dchaos, D∗.
To summarize, we have confirmed the following fea-
tures of the t-U model as summarized in Fig. 2: First,
both the scrambling rate λL and the chaos propagation
show a crossover behavior from Fermi liquid to SYK
maximal chaos, consistent with the qualitative picture
in Sec. II. Second, the long distance scrambling diffusion
coefficient Dchaos approximately equals the energy diffu-
sion coefficient DE in a wide range of temperature.
IV. INTRODUCING PHONONS
Phonons play an important role in understanding prop-
erties of strange metals. In this section, we propose
a modification to the t-U model to include effects of
phonons, following Werman et al.32,33. For simplicity, we
use the Einstein model of phonons, i.e. dispersionless
phonon. To explore physics above the Mott-Ioffe-Regel
(MIR) limit, we send the Debye frequency ω0 to zero.
As the dispersionless phonons are not propagating, we
can model them by harmonic oscillators residing on each
site. To reflect the fact that in cuprates there are a large
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FIG. 8. The two characteristic velocities v∗ and vB plotted
against temperature, in the unit of aEc where a = 1 is lattice
spacing. U/t0 = 200. At low temperatures (see inset) v∗ > vB
and at high temperatures v∗ < vB .
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FIG. 9. The thermal conductivity κ (left) and the heat capac-
ity C (right) plotted against temperature T/Ec. The insets
show the low temperature region. The thermal conductivity
is computed at U = 200t0. The heat capacity is computed by
combining data of various U/t0.
number of phonon bands, we add N(N + 1)/2 types of
phonons and let them couple to electrons through the
Yukawa coupling Xabxc
†
axcbx. Note that our phonon field
is complex and there are N2 real degrees of freedom.
The Hamiltonian
H = Hhopping +HSYK +Hph +He-ph (4.1)
consists of four terms: the random hopping term
Hhopping =
1√
zN
∑
<xx′>
∑
ab
tabxx′c
†
axcbx′ , (4.2)
the onsite SYK-interaction term
HSYK =
1
(2N)3/2
∑
x
Uabcd,xc
†
axc
†
bxccxcdx, (4.3)
the phonon Hamiltonian
Hph =
M
2
∑
x
∑
ab
(|∂tXabx|2 + ω20 |Xabx|2) , (4.4)
and the electron-phonon coupling term
He-ph = − α√
N
∑
x
∑
ab
Xabxc
†
axcbx. (4.5)
Here Xabx is phonon field satisfying Xabx = X
†
bax. Other
quantities have the same meaning as the t-U model.
In this model the dimensionless phonon coupling is
defined as g = α2/(Mω20t0). We are interested in the
physics when the temperature is much higher than De-
bye frequency, so we will consider the limit ω0 → 0, but
keep g fixed.
Also, the system has been tuned to half filling by set-
ting chemical potential µ to zero. Readers may be con-
cerned that the electron-phonon interaction can shift µ.
However, our model has the property that the electron-
phonon interaction conserves the flavor indexed by a, and
it follows that the tadpole diagrams in the self-energy are
1/N suppressed. Consequently, at leading 1/N order the
chemical potential shift is zero.
If U = 0, the system is analytically soluble (see Ap-
pendix E) and it reduces to the electron-phonon system
described in Ref. 32: for T  t0/g the electron-phonon
scattering is weak and the electronic quasiparticles are
well-defined; for T  t0/g, the phonons act like static
impurities of density proportional to T (from the phonon
Bose factor), and this leads to a linear-in-T resistivity. If
g = 0, the system is described by a heavy Fermi liq-
uid to SYK crossover4, which happens at temperature
T ∼ Ec = t20/U . When both U 6= 0 and g 6= 0, as we will
see below, the competition between electron-phonon and
electron-electron interactions is set by the ratio gt0/U ,
as illustrated in Fig. 2. If gt0/U  1 the system will first
enter the electron-phonon chaos regime as we raise the
temperature, and vice versa.
A. Keldysh Action and Equations of Motion
In this section we discuss the Keldysh formalism for
the above Hamiltonian, and explain how to solve for the
Green’s function. It turns out that despite the addition
of a large number of phonons, the problem is still as
tractable as the t-U model we started with.
We perform disorder average over t, U of the Keldysh
action, and integrate out the quadratic phonon field X.
Next we introduce the flavor averaged onsite Green’s
function iGss′x(t, t
′) = 1N
∑
a caxs(t)c
†
axs′(t
′) and the La-
grange multiplier Σss′x(t, t
′) to impose the constraint.
We then obtain the action
SK = Sph + S
tU
K + Se-ph, (4.6)
where
iSph = −N
2
2
∑
x
Tr ln i(∂2t + ω
2
0) (4.7)
is the free phonon contribution, and StUK is the Kelydsh
action (3.6) for t-U model and the last term Se-ph is the
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electron-phonon interaction:
iSe-ph
N
= − iα
2
2
∑
x,ss′
ss′∫
d2tGss′x(t, t
′)Gs′sx(t′, t)Ds′s(t′, t).
(4.8)
Here Dss′(t, t
′) = [(−∂2t − ω20)−1]ss′(t, t′) is the free-
phonon propagator. They can also be written in terms of
the R,A,K components using Keldysh rotation. In ther-
mal equilibrium, the phonon Green’s functions above are
given by
DR/A(ω) =
1
M
1
(ω ± i0)2 − ω20
, (4.9)
DK(ω) = coth(
ω
2T
)(DR(ω)−DA(ω)), (4.10)
where the second equation is the fluctuation-dissipation
theorem.
In the limit T  ω0, the DK component is dominant,
we can approximate
Dss′(t) =
1
2
DK(t) =
−iT
Mω20
. (4.11)
Therefore the action Se-ph reduces to
iSe-ph
N
= −gt0T
2
∑
x,ss′
ss′
∫
d2tGss′x(t, t
′)Gs′sx(t′, t),
(4.12)
which has the same form as on-site random hopping term.
Variation of the above action yields the saddle point
equations
GR(ω)
−1 =ω − (t20 + gt0T )GR(ω)− ΣR(ω),
GK(ω) =2i tanh
ω
2T
ImGR(ω),
ΣR(t) =
1
2
U2GK(−t)GK(t)GR(t)
+
1
4
U2GK(t)
2G∗R(t) +
1
4
U2GR(t)
2G∗R(t) .
(4.13)
We see that the equation of motion (4.13) have the
same structure as the t-U model counterpart, except that
the electron hopping term t20 is enhanced by phonons to
t20 + gt0T . Physically, the similarity is due to the obser-
vation that in the limit ω0  T , the electron-phonons
term plays a similar role as a random on-site t term in
the t-U model.
The above equations can be written into a dimension-
less form in Appendix F, and the two important dimen-
sionless parameters are gt0/U and T/Ec.
V. TRANSPORT IN THE PHONON MODEL
A. Deriving Transport Coefficients
To leading order, the transport coefficients can be de-
rived by expanding the action (4.6) around the saddle
point solution with U(1) phase fluctuations φ and time-
reparameterization fluctuations  to quadratic order, and
the transport coefficients can be directly read out as the
coefficients of φ2 and 2 4. However, for the purpose of
diagrammatic expansion, we will use Kubo formulas.
Although the Hamiltonian Eq.(3.1) breaks spatial
translation symmetry, it respects time translation and
U(1) rotation. Consequently we can still use Noether
procedure to extract the current operator from the hop-
ping term Eq.(3.2), but the current operator now has
explicit spatial dependence.
If we perform an infinitesimal inhomogeneous symme-
try transformation, for example, a U(1) rotation cx →
cxe
iεx , the action will change by
δS =
∑
<xx′>
jxx′(εx − εx′), (5.1)
and we obtain the current operator jxx′ on the link xx
′.
Following that procedure, we get the charge current jC
and the heat current jE :
jCxx′ = i
∑
ab
tabxx′c
†
axcbx′ − tbax′xc†bx′cax, (5.2)
jExx′ =
∑
ab
tabxx′c
†
ax∂tcbx′ + t
ba
x′x∂tc
†
bx′cax. (5.3)
Note that because the phonon modes are purely local,
there is no direct contribution above from the phonon
degrees of freedom. The on-site current-current polariza-
tion function in imaginary time is as usual defined as
Πjjxx′(τ) = −〈jxx′(τ)jxx′(0)〉, (5.4)
where the average is over states and disorder. The con-
ductivities per flavor are given by Kubo formulas
Nσ = lim
ω→0
Im ΠjCjCxx′ (iω → ω + iδ)
−ω , (5.5)
Nκ = lim
ω→0
Im ΠjEjExx′ (iω → ω + iδ)
−ωT . (5.6)
For reference, we list the leading order formulas for
DC electrical conductivity, DC thermal conductivity, and
optical conductivity respectively.
σDC =
2t20
pi
∫
dω( ImGR(ω))
2βnF (ω)nF (−ω), (5.7)
κ0
T
=
2t20
pi
∫
dω(βω ImGR(ω))
2βnF (ω)nF (−ω),(5.8)
Reσopt(ν) =
2t20
pi
∫
dω ImGR(ω) ImGR(ω + ν)
×nF (ω)− nF (ω + ν)
ν
. (5.9)
B. DC Resistivity
We calculate the DC resistivity using the saddle point
Green’s function and Eq. (5.7). The resistivity results
are shown in Fig. 10 and Fig. 11.
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The resistivity is a dimensionless quantity, so on di-
mensional grounds, it should be a function of gt0/U and
T/Ec only. As a sanity check, we calculated ρ at fixed
gt0/U , T/Ec, while varying U/t0, and we found that the
results are independent of U/t0 to good precision.
For g = 0, the resistivity increases quadratically at
low temperature, and becomes linear after the coherence
scale Ec = t
2
0/U . This reproduces the result in Ref. 4.
In the regime T  Ec, the resistivity curve can be
approximated by the U = 0 result. The approximation
works better for larger g.
Now shift attention to the high temperature regime
T > Ec, we see from Fig. 10 that the resistivity is linear
in T in this regime. We denote the slope of the curve as
kC , that is
lim
T→∞
dρ
d(T/Ec)
→ kC ,
and plot kC in Fig. 11. When gt0/U  1, we get the
U = 0 result kC =
pi
2
gt0
U . When gt0/U = 0, we get
kC = 1.129, which agrees with the pure SYK result kC =
2/
√
pi = 1.128 in Ref. 4. We notice that as g increases,
kC gets closer to the U = 0 value. The effect of SYK
interaction is suppressed by phonon.
Interestingly, we find that kC can be fitted pretty well
with the function kC = f(gt0/U ; a, b, c) +
pi
2
gt0
U , where
f(x; a, b, c) =
c
1 + bxa
, (5.10)
with a = 1.15, b = 0.526, c = 1.130.
C. Optical Conductivity
The real part of the optical conductivity is shown in
Fig. 12.
By dimensional analysis, the optical conductivity σ(ω)
should be a function of ω/Ec, gt0/U and T/Ec, and our
result confirms that.
The optical conductivity has a peak at ω = 0,
but instead of Lorentzian decay (a character of the
Drude peak), has 1/ω decay at large ω, which reflects
the 1/
√
Uω SYK spectral weight at high frequencies.
Nonzero temperature T and phonon coupling g can cause
the peak to get broadened and lowered, but the curve
eventually follows the 1/ω behavior. We see that the low
frequency behavior of σ(ω) is dominated by phonon, but
the high frequency behavior still follows from SYK.
D. Resistivity Saturation
In Ref. 33, it was found that if we put phonons on
bonds between lattice sites, and let them couple to elec-
trons at the two ends of the bonds, there will be resis-
tivity saturation effects. This can be easily seen in our
model.
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FIG. 10. The resistivity ρ = 1/σDC plotted as a function
of dimensionless temperature T/Ec, for different value of g at
U/t0 = 200. The solid lines are guides to eyes. The dashed
lines show U = 0 values for comparison. The inset zooms into
the low temperature region.
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FIG. 11. The slope kC plotted against gt0/U for different
values of U . The curves of different U collapses into a single
curve, confirming the scaling property. The dashed line is a
fit discussed in the main text.
We replace the electron-phonon coupling by
He-ph = − α√
zN
∑
<xx′>
∑
ab
Xxx
′
ab c
†
axcbx′ , (5.11)
which is normalized to reproduce the saddle point equa-
tions in the previous section.
The only difference now is that this term couples elec-
trons at different sites, so it should enter the conductivity
calculation. One can see that this is a simple replacement
of the pre-factor t20 → t20 + gt0T . The conductivity for-
mula is now
σ =
2(t20 + gt0T )
pi
∫
dω( ImGR(ω))
2βnF (ω)nF (−ω),
(5.12)
which implies that
ρbond =
ρsite
1 + gTt0
. (5.13)
Since ρsite is linear in T at high temperature, ρbond sat-
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FIG. 12. The real part of the optical conductivity at U =
200t0. The large frequency part approximately follows a 1/ω
trend.
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FIG. 13. The inverse thermal conductivity (electron part)
T/κ0 plotted as a function of dimensionless temperature
T/Ec, for different value of g at U/t0 = 200. The solid lines
are guides to eyes. The dashed lines show U = 0 values for
comparison. The inset zooms into the low temperature re-
gion.
urates. The value of saturation is
ρ∞ =
kC
gt0/U
. (5.14)
Hence, if gt0/U  1, ρ∞ = pi/2. However, for
gt0/U  1, ρ∞ = kCU/gt0  1. Both SYK interaction
and electron-phonon interaction give rise to linear-in-T
electron scattering rate, but they differ on whether the
MIR limit is exceeded. For electron-phonon interaction,
the resistivity saturates to an O(1) value which is the
MIR limit in natural units, but for SYK interaction, the
resistivity can reach values much larger than the MIR
limit.
E. Thermal Conductivity and Phonon Drag Effect
Naively, the thermal conductivity can be calculated
using the leading order result (5.8) which only includes
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FIG. 14. The slope kE plotted against gt0/U for different
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curve, confirming the scaling property. The dashed line is a
fit discussed in the main text.
effects of electrons. The results are shown in Fig. 13 and
Fig. 14 (here κ0 means κelectron in Fig. 2).
The results of electron thermal conductivity are similar
to the DC resistivity. We can as well define the slope
lim
T→∞
d(T/κ0)
d(T/Ec)
→ kE .
When U = 0, kE = 3gt0/(2piU). When gt0/U = 0, we
get kE = 0.92, agreeing with kE = 16/pi
5/2 = 0.915 of
Ref. 4.
We also found that kE can be fitted by kE =
f(gt0/U ; a, b, c) + 3gt0/(2piU), where f is defined by
Eq.(5.10) and a = 0.99, b = 0.81, c = 0.932.
However, the thermal conductivity that we have calcu-
lated does not include the contribution of phonons. Elec-
trons are strongly incoherent due to electron-phonon in-
teractions and the SYK interaction. However, because
there are many more phonons, O(N2), than electrons,
O(N), the interaction effects on phonons are diluted
and phonons are still well defined quasiparticles with a
long lifetime of order O(N). If we excite an electron
in the system, it quickly decays and transfers its energy
to phonons. Because phonons are long-lived quasipar-
ticles, we expect them to have a significant contribu-
tion to transport. This phenomenon is called “phonon
drag”, and has been studied in systems without SYK
interaction32. Results there show that phonon drag is
important in energy transport but not in charge trans-
port. In the rest of this section, we will work out the
phonon drag correction (denoted as κ1 here and κphonon
in Fig. 2) to DC thermal conductivity.
We recall that there is no intrinsic phonon conduc-
tivity, of O(N2), in our model because the phonons are
purely local. Then phonons contribute only via the drag
effects noted above.
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1. Phonon Self Energy
As a preparation, we need the phonon self energy to
obtain the phonon life-time. Because there are more
phonons than electrons, the phonon self energy is of order
O(1/N), so is the phonon decay rate.
The dressed phonon propagator is
D(ω) =
1
M
1
ω2 − ω20 − Σph(ω)
. (5.15)
FIG. 15. The diagram for phonon self energy.
The leading term in 1/N is given in Fig. 15. The ex-
pression for Σph is
Σph(iω) =
α2
NM
T
∑
iν
G(iω + iν)G(iν). (5.16)
Perform Matsubara summation, analytically continue to
real frequency iω → ω+ iδ, and take the imaginary part,
we get
Im Σph(ω) = − 2α
2
MN
∫
dν
2pi
ImGR(ν) ImGR(ω + ν)
× [nF (ν)− nF (ω + ν)]
= − α
2
2MN
ωσ(ω)
t20
= − 1
2N
gω20
ωσ(ω)
t0
≡ −2ωΓ(ω),
(5.17)
where we have used the definitions of the phonon coupling
g and the optical conductivity σ(ω), and in the last line
we defined the phonon decay rate Γ.
Here we see that the Im Σph is small, implying that
phonons are long-lived (lifetime∼ O(N)) quasiparticles.
2. Correction to Thermal Conductivity
In this section we calculate the phonon drag contribu-
tion to thermal conductivity, whose diagrams are given
by Fig. 16. Naively, these diagrams are sub-leading in
1/N , but because the phonons are long-lived with a de-
cay rate Γ ∼ O(1/N), the product of two phonon propa-
gators has an O(N) enhancement:
DR(ε)DA(ε+ ω) ≈ 1
M2ω0
pi
2Γ(ε) + iω
δ(ε2 − ω20). (5.18)
Eq.(5.18) says that DRDA is strongly on-shell, and has a
magnitude of O(N) at the DC limit ω = 0. Taking this
ax
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dx′ dx′
cx
bdx′
dx′
cx
acx
ax
cx
dx′
bx′
ax
bx′
FIG. 16. The diagrams for phonon drag. Solid arrowed lines
denote fermions. Wavy lines denote phonons. Dashed lines
denote contractions of tabxx′ .
into account, the two diagrams in Fig. 16 are of the same
order as the leading order diagrams.
The current-current correlation function is
Π(iω) = −2α
4t40
N
T
∑
Ω
V (iΩ + iω, iΩ)V (iΩ, iΩ + iω)
D(iΩ + iω)D(iΩ) .
(5.19)
Here, the vertex function V is defined as
V (iω1, iω2) =T
∑
µ
[
G(iµ+ iω1)G(iµ+ iω2)(iµ+ iω1)
−G(iµ− iω1)G(iµ− iω2)(iµ− iω1)
]
G(iµ)2 .
(5.20)
In Eq.(5.19) and (5.20), the prefactors are obtained as
the following:
1. Each internal phonon vertex is associated with a
factor (−α). Each internal hopping vertex is asso-
ciated with a factor (−t0).
2. The time derivative in the current operator Eq.(5.3)
yields an extra i due to Wick rotation t → −iτ ,
which leads to an overall minus sign in Eq.(5.19).
3. The two diagrams in Fig. 16 should differ by a mi-
nus sign. The first diagram comes from contrac-
tion 〈∂τ c†∂τ c〉+h.c., and the second diagram comes
from 〈∂τ c∂τ c〉+ h.c.. The minus sign is due to op-
posite frequency sign conventions for c and c†.
4. 〈jEjE〉 contains four terms. By simple inspection
we see that each term in 〈jEjE〉 leads to two dia-
grams, so in total there should be eight diagrams,
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but the V V product in Eq.(5.19) only contains four
diagrams. In fact, the missing four terms are those
obtained by exchanging ω1, ω2 in Eq.(5.20). The
exchange doesn’t affect the value of Eq.(5.20) in
the DC limit, so we simply account for it by a fac-
tor of 2.
We now start evaluating Eq.(5.19) by performing the
Matsubara summation over Ω, and we get
Π(ω) =
2iα4t40
N
∫
dΩ
2pi
[nB(Ω)− nB(Ω− ω)]
× V (Ω + iδ,Ω− ω − iδ)V (Ω− ω − iδ,Ω + iδ)
×DR(Ω)DA(Ω− ω).
(5.21)
Next, we use Eq.(5.18), apply the Kubo formula, ex-
pand to lowest order in ω0 and rewrite various constants
to obtain:
κ1 =
∑
Ω=±ω0
gt70
ω20σ
|V (Ω + iδ,Ω− iδ)|2
=
2gt70
ω20σ
|V (ω0 + iδ, ω0 − iδ)|2,
(5.22)
where σ is the DC conductivity.
The final step is to evaluate the vertex function |V (ω0+
iδ, ω0 − iδ)| to linear order in ω0.
When performing Matsubara summation in V , the re-
sulting integrand has three branch cuts in the complex
µ-plane, the contribution we seek is to integrate along
the upper half of the highest cut, and the lower half of
the lowest cut, which amounts to making all propagators
retarded or advanced:
V (ω0 + iδ,ω0 − iδ) =
∫
dε
2pii
nF (ε)GR(ε)
2
× [GR(ε− ω0)2 −GR(ε+ ω0)2]+ c.c.
=− ω0
∫
dε
2pi
Im [GR(ε)
4]
×
[
tanh
(
βε
2
)
− 2βnF (ε)nF (−ε)ε
]
,
(5.23)
where in the second line, we expanded in ω0, integrated
by parts and symmetrized the integral because Im [G4R]
is odd.
In the above integral, the tanh(β/2) term is domi-
nant over the βnF (ε)nF (−ε)ε term, because the first
has support over the whole spectrum [−Λ,Λ], Λ ∼
min(U,
√
t20 + gT t0), while the second only has support
over [−T, T ], so it is suppressed by higher powers of T/t0.
The contributions to V from other contours in the
complex-µ plane, in fact, can all be arranged to have
a factor nF (ε+ ω0)− nF (ω0), and are suppressed by the
same reason as above.
In summary, the phonon-drag contribution to the ther-
mal conductivity is
κ1 =
2gt70
σ
[∫
dε
2pi
tanh(
βε
2
) Im [GR(ε)
4]
]2
. (5.24)
As a sanity check, we inspect the U = 0, T  t0 limit.
In this limit,
σ ∼ t20
t20+gTt0
, (5.25)(∫
dε
2pi tanh(
βε
2 ) Im [GR(ε)
4]
)2
∼ 1
(t20+gTt0)
3 , (5.26)
so
κ1 ∼ gt
5
0
(t20 + gT t0)
2
. (5.27)
Further assuming gT  t0, we get κ1 ∼ t0g ( t0T )2, which
agrees with Ref. 32.
3. Results
Now we present the numerical results for our model.
In Fig. 17, we compare the phonon-drag thermal conduc-
tivity κ1 to the leading order value κ0 at several g’s. We
see that at low temperatures κ1  κ0, while at higher
temperatures κ0  κ1.
FIG. 17. A comparison between the electron thermal con-
ductivity κ0 and the phonon-drag thermal conductivity κ1.
At low temperatures κ1 dominates, while at high tempera-
ture κ0 dominates. U/t0 = 200.
In Fig. 18, we plot the total thermal conductivity κ =
κ0 + κ1. At low temperature, there is a hierarchy that
κ is positively correlated to g, further inspections show
that κ is roughly linear in g for large gt0/U .
At very low temperatures (gt0/U)(T/Ec)  1, this
linear-in-g behavior might be partially understood us-
ing Eq.(5.27),which says κ1 ∼ gt0. However, it is pecu-
liar that this hierarchy can persist to higher temperature
ranges where (gt0/U)(T/Ec) > 1.
As temperature rises, the phonon drag contributions
die off, and the hierarchy inverts at around T/Ec ∼ 1.
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The high temperature behavior is mostly dominated by
the electron contribution.
In Fig. 19, we inspect the violation of Wiedermann-
Franz law by plotting the Lorentz ratio L = κρ/T . For
g = 0, we get a crossover from L = pi2/3 at low temper-
atures to L = pi2/8 at high temperatures, which agrees
with Ref. 4. For non-zero g, we see a huge enhancement
of the Lorentz ratio and the Wiedermann-Franz law is
strongly violated.
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FIG. 18. The total thermal conductivity κ = κ0+κ1 plotted
against temperature at different g’s in log-log scale. U =
200t0.
VI. THERMODYNAMICS OF THE PHONON
MODEL
In this section, we compute the entropy and the heat
capacity using the imaginary time formalism. At ze-
roth order, the entropy is dominated by O(N2) species
of nearly free phonons, but on top of it there is the O(N)
piece contributed by electrons. We will calculate this
electron contribution. The grand potential (action) of
the system consists of two parts. The first part is the
potential of N(N + 1)/2 species of free phonons. The
second part is the potential of electrons, which is given
by
G
TNNsite
= −Tr ln(∂τ + Σ)
+
∫
d2τ
[
− U
2
4
G(τ1, τ2)
2G(τ2, τ1)
2
− Σ(τ1, τ2)G(τ2, τ1) + t
2
0 + gt0T
2
G(τ1, τ2)G(τ2, τ1)
]
,
(6.1)
where Nsite is the number of lattice sites. Variation of
Eq.(6.1) yields the saddle point equation of motion:
G−1(iωn) =iωn − Σ(iωn),
Σ(τ) =(t20 + gt0T )G(τ)− U2G(τ)2G(−τ).
(6.2)
The above equation can be solved numerically by itera-
tion with fast Fourier transform, see Appendix A.
In principle, we can then plug the saddle point solu-
tion back to Eq.(6.1) and compute the grand potential.
Note that we are working at zero chemical potential, so
the grand potential coincides with free energy F , and
we might compute the entropy using S = −∂F/∂T =
−∂G/∂T . However, if we want to compute the heat ca-
pacity C = T∂S/∂T , we would have to do a second nu-
merical differentiation, which has large error. The solu-
tion is to derive an analytic expression for the entropy,
so that we can directly evaluate the entropy and differ-
entiate only once to get the heat capacity.
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FIG. 19. The Lorentz ratio L = κρ/T , plotted versus tem-
perature for different g at U = 200t0 in log-log scale. As a
reference, the g = 0 curve has L = pi2/3 at low temperatures
and L = pi2/8 at high temperatures.
The grand potential Ω is a function of (T,U, t0, g), and
has the dimension of [energy]. It follows from dimen-
sional analysis that
(U
∂
∂U
+ t0
∂
∂t0
+ T
∂
∂T
|exp. + T ∂
∂T
|imp.)G = G. (6.3)
Here we have separated the T derivative into the ex-
plicit part and the implicit part. The explicit part only
differentiates the temperature dependent coupling gt0T ,
and the other differentiations are called implicit. To sat-
isfy the third law of thermodynamics, the entropy should
be defined as
S ≡ − ∂
∂T
|imp.G = 1
T
(1− U ∂
∂U
− t0 ∂
∂t0
− T ∂
∂T
|exp.)G.
(6.4)
We evaluate the above derivative at the saddle point so-
lution, the only contribution is through the explicit de-
pendence of G on (U2, t20, gt0T ), and we obtain
S = ln 2−
∑
n
ln
G(iωn)
G0(iωn)
+
5
4
∑
n
G(iωn)Σ(iωn)
+
t20 + gt0T
4
∑
n
G(iωn)
2,
(6.5)
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FIG. 20. The entropy S plotted against temperature T
for various g. The inset is the heat capacity at g = 0.
The behavior of the entropy follows a universal function
S
(
T/Ec
1+(gt0/U)(T/Ec)
)
represented by curves.
where we have used the saddle point solution, and regu-
larized the sum using free fermion propagator G0(iωn) =
1/iωn.
The numerical result for entropy and heat capacity is
shown in Fig. 20. We found that the entropy follows a
universal function S = S
(
T/Ec
1+(gt0/U)(T/Ec)
)
. The univer-
sal function S is the same as the one in Ref. 4, which
grows linearly at low temperatures and saturates at high
temperatures. With the phonons introduced, the entropy
is reduced.
A possible reason for entropy reduction could be the
following. In the original SYK model, the non-zero en-
tropy comes from the exponentially many low lying states
of electrons. However, in our model, phonons are well-
defined quasiparticles so in the low energy sector there
are polynomially many phonon states. Generically, cou-
pling between electrons and phonons makes the low lying
states sparser and thus reduces the entropy.
VII. SCRAMBLING IN THE PHONON MODEL
In this section, we discuss the scrambling properties of
the phonon model.
A. Electron Scrambling
First, we consider scrambling of electrons which can
be computed from the electron retarded OTOC (3.10).
Much of the discussion of the t-U model carries over to
the phonon model. The only addition is to include a
diagram with a vertical phonon line, such as Fig. 21.
In the zero Debye frequency limit, this new diagram is
simply multiplying a constant gt0T . As a result, the fast
growing part of the OTOC satisfies the following integral
equation:
f1L
FIG. 21. A new diagram for computation of OTOC.
F (q,Ω, ω) = L(q,Ω, ω)
[
1 + gt0TF (q,Ω, ω)
+
3J2
2
∫
dΩ˜
2pi
K(Ω− Ω˜)F (q, Ω˜, ω)
]
.
(7.1)
Following previous procedures, we can compute the
scrambling rate λL, short distance diffusion coefficient
D∗ and long distance diffusion coefficient Dchaos. The
results are shown in Fig. 22,23,24,25.
For the scrambling rate λL (see Fig. 22), we found
that λL/T is a universal function of the combination
(T/Ec)/(1 + (T/Ec)(gt0/U)); so the value of λL can be
deduced from Fig. 6. This result can be understood from
two aspects. First, in the equation of motion (4.13),
g only appears in the combination t20 + gt0T . Second,
λL is obtained by solving the Bethe-Salpeter equation
at zero momentum, where it can be shown that g ap-
pears as t20 +gt0T by re-expanding L(q,Ω). λL decreases
with increasing g because phonons are still well-defined
quasiparticles and thus coupling to phonons slows down
scrambling.
As for the scrambling diffusion coefficients (see Fig. 23
for D∗ and Fig. 24 for Dchaos), we did not find a universal
function as the case of λL. This is because the phonon
coupling term differs from electron hopping term at non-
zero momenta.
It is interesting to see that the two diffusion coefficients
respond to phonons in opposite ways. Phonons help with
the short distance diffusion of scrambling but suppress
scrambling propagation at long distances.
Because coupling to phonon reduces λL, we expect that
v∗ is larger compared to the t-U model, and hence wave-
front OTOC propagation (region B in Fig. 3) is dimin-
ished at small g and completely suppressed at large g.
In Fig. 25, we show a comparison between v∗ and vB at
gt0/U = 1 as an example. We see that at this value of g,
v∗ > vB for all temperatures and thus the OTOC always
propagates in a diffusive manner.
A sensible comparison of chaos diffusion constants to
energy diffusion constant is not available, because the
quasi-free phonons dominate the heat capacity and DE ∼
O(1/N).
B. Phonon Scrambling
In this section we consider the scrambling of phonon
themselves. Naively one we would expect that phonon
scrambles at the same rate as electrons, but we will show
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FIG. 22. The scrambling rate λL plotted versus rescaled tem-
perature for different g at U = 200t0. The inset zooms into
the low temperature sector. After rescaling, data points of
different g collapse onto a universal curve.
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FIG. 23. The short-distance scrambling diffusion coefficient
D∗ plotted versus temperature for different g at U = 200t0.
The inset zooms into the low temperature sector.
that this fast growing term in the phonon OTOC is ac-
tually small in 1/N power counting. As a result, the
phonon only scrambles after electrons are scrambled.
The phonon retarded OTOC is defined as
h(x; t1, t3; t2, t4) =
θ(t24)θ(t13)
N4
∑
abcd
Tr
(
y2[Xabx(t1), X
†
cd0(t3)]
†y2[Xabx(t2), X
†
cd0(t4)]
)
,
(7.2)
with Fourier transform
h(q,Ω,Ω′, ω) =
∫
ddqdΩdω
(2pi)d+2
h(x; t1, t3; t2; t4)
×e−iq·x+iΩt31+iΩ′t24+iω(t21+t43)/2.
(7.3)
The phonon OTOC can be expressed in terms of the
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FIG. 24. The long-distance scrambling diffusion coefficient
Dchaos plotted versus temperature for different g at U =
200t0. The inset zooms into the low temperature sector.
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FIG. 25. The two characteristic velocities v∗ and vB plotted
against temperature, in the unit of aEc where a = 1 is lattice
spacing. Here gt0/U = 1 and U/t0 = 200. At all tempera-
tures v∗ > vB .
electron OTOC in the following way
h =
+ f1 + f2
, (7.4)
so the divergent part of h is
h(Ω,Ω′, ω) ∼ α
4
N2
∫
dΩ1dΩ2
(2pi)2
DR(Ω + ω/2)DA(Ω− ω/2)
×GW (Ω1 − Ω)F (Ω1,Ω2, ω)
×GR(Ω2 + ω/2)GA(Ω2 − ω/2)GW (Ω2 − Ω′)
×DR(Ω′ + ω/2)DA(Ω′ − ω/2),
(7.5)
where F = f1 + f2. The equation above implies that the
poles of h coincides with F .
We have found a pole of F at ω = iλL, which implies a
exponential growth with time F (t) ∼ 1N eλLt and h(t) ∼
20
1
N3 e
λLt. We compare this term to the zeroth order result
of phonon OTOC h(0) = 1N2DRDA ∼ 1/N , in which
the O(N) enhancement comes from Eq.(5.18), and we
see that although the h(t) has a fast exponential growth
term, it is suppressed by a factor of 1/N2 relative to
the non-growing part, so it is important only after time
t∗ ∼ 2 ln(N)λL . Consequently, the phonon OTOC does not
display exponential growth until t ∼ t∗. Note that t∗
is larger than the electron-scrambling time tscr, implying
that phonons start scrambling after electrons are fully
scrambled.
In an electron-phonon system with only electron-
phonon interaction, it is found that both the electrons
and the phonons have a scrambling rate of about the
phonon decay rate (1/N)(ω20/T )
32. It is possible that a
similar effect in our model can cause F to develop pole
at a small imaginary frequency ω = iλ′, λ′ ∼ O(1/N).
However, because t∗ ∝ ln(N) and λ′t∗ ∝ ln(N)/N , this
extra pole has no impact on the behavior of h(t) in the
large N limit.
VIII. CONCLUSIONS
This work has described the transport and chaos prop-
erties of a model electronic system with strong electron-
electron and electron-phonon interactions. We did not
include phonon-phonon interactions, and the feedback of
the electrons on the phonon dynamics was weak: so the
phonons act essentially as a heat bath of oscillators at a
typical frequency ω0. All our results here are for T  ω0,
as the phonons have little influence at lower T .
The electron-electron interactions were described by
SYK islands with interactions of strength U , and hop-
ping between islands of strength t0 (see Fig. 1). The
electron-phonon interactions were characterized by a di-
mensionless coupling g. The properties of the different
regimes of chaos and transport are summarized in Fig. 2,
which are controlled by the dimensionless ratio gt0/U .
For gt0  U , the phonons have a minor influence, and
the electron-electron interaction dominated transport is
similar to that described by Song et al.4. We computed
here the chaos properties across the crossover from the
heavy Fermi liquid to the incoherent metal at T ∼ t20/U .
The chaos propagation is controlled by two velocities, v∗
and vB , as shown in Fig. 3.
• In the heavy Fermi liquid regime, v∗ > vB , and
the chaos propagation is diffusive, as in Eq. (2.12).
The Lyapunov rate λL ∼ T 2/Ec is much smaller
that the chaos bound of 2piT . The chaos diffusion
is characterized by D∗, and we found D∗ ≈ DE ,
the energy diffusion constant.
• In the incoherent metal regime v∗ < vB , and now
there is a wave-front of chaos propagation, as in
Eq. (2.14). The Lyapunov rate λL is close to
the chaos bound of 2piT . The chaos diffusion is
characterized by Dchaos, and we again found that
Dchaos ≈ DE , the energy diffusion constant.
With increasing electron-phonon coupling, g, the slope
of the linear-in-T resistivity in the incoherent metal
regime changes. This change is described by the scal-
ing plot in Fig. 11. The corresponding plot for the elec-
tron thermal conductivity is in Fig. 14. For the Lya-
punov rate, λL(q = 0), the entire effect of the electron-
phonon coupling is to replace T/Ec by (T/Ec)/(1 +
(T/Ec)(gt0/U) where Ec = t
2
0/U ; we can then read off
the resulting rate from Fig. 6.
For gt0  U , the scattering of electrons off a heat bath
of phonons dominates the transport. The density of ther-
mally excited phonons is proportional to T , and so this
leads to a linear-in-T resitivity. Nevertheless, the proper-
ties of this regime are quite different from the incoherent
metal described above for small gt0/U . The electron-
phonon scattering is essentially elastic, and so does not
contribute significantly to chaos. Consequently, we find
that that the Lyapunov exponent is much smaller than
the chaos bound, and controlled by the weaker electron-
electron interactions: λL ∼ (U/(gt0))T in the high T
regime. We also have v∗ > vB , and the chaos prop-
agation is diffusive as in Eq. (2.12). The nearly elastic
electron-phonon scattering also implies that while the DC
conductivity is dominated by electron-phonon scattter-
ing, the optical conductivity is not. As shown in Fig. 12,
there is a 1/ω behavior in the optical conductivity, which
is characteristic of the local incoherent dynamics of the
pure SYK model.
The limiting results above for small and large gt0/U
illustrate one of our main results: there is a funda-
mental distinction between the linear-in-T resistivity be-
tween the electron-electron and electron-phonon domi-
nated regimes. Experimentally, this distinction can be
detected by comparing the DC and optical conductivi-
ties. Strong electron-phonon scattering increases the DC
resistivity, but has little effect on the 1/ω optical con-
ductivity; in contrast, the critical electron-electron inter-
actions describe by SYK physics connect the DC and
optical responses via ω/T scaling. If we increase the
electron-phonon coupling g, the electron scattering rate
also increases without an apparent bound, as does the
DC resistivity (modulo the saturation effects discussed
in Section V D). But this increased electron scattering
rate does not show up in OTOC: the Lyapunov rate is
far from maximal at large g, with λL ∼ T (U/(gt0)) actu-
ally decreasing with increasing g. On the other hand,
in the SYK physics, the same rate ∼ T shows up in
the resistivity and the OTOC. Alternatively, the distinc-
tion can also be diagnosed via the resistivity saturation
effect. If the linear-in-T resistivity is due to phonons,
it will saturate to the MIR limit32,33, as in a generic
model there are phonons sitting on both sites and bonds.
However, linear-in-T resistivity originated from the SYK
interaction can easily surpass the MIR limit. In fu-
ture work, it would be interesting to treat the electron-
phonon and phonon-phonon interactions in a more self-
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consistent manner; then, we can expect an “electron-
phonon” soup31 in which the strong dependence on the
electron-phonon coupling disappears, and both transport
and chaos are determined by a common rate ∼ T .
Finally, it is useful to compare our results with re-
cent studies of operator spreading using random uni-
tary circuits38–42, which report a broadening of the chaos
wavefront. In our model, the phonons remain essentially
free oscillators, and the N2 oscillators on each island can
have consequences similar to a random unitary pertur-
bation. And it is notable that we do find a diffusive
broadening of the chaos wavefront with v∗ > vB , as the
electron-phonon coupling is increased. Moreover, with
strong electron-phonon coupling, the Lyapunov rate is
much smaller than the maximal rate, as summarized in
Fig. 2. However, when the chaos is near maximal, at
weak electron-phonon coupling, the sharp chaos wave-
front is preserved.
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Appendix A: Numerical Implementation
1. Solving for Green’s Function
We solve the saddle point equations (3.5),(3.9) by it-
eration. We mainly follow the prescription in Ref. 4. We
first discuss the real time equation of motion.
The time domain is [t = 0 . . . T0(1 − 1/Nt), 0], where
zeros are padded at the tail to ensure fidelity of discretiza-
tion. We denote the padding ratio by r, i.e. N = rNt.
The time interval T0 = γβ is proportional to inverse tem-
perature β.
In frequency domain, we sampled the Green’s function
at (2Nw+1) points in frequency space: Ω0[−Nw,−Nw+
1, ..., Nw]. Here the frequency unit is Ω0 =
2pi
γrβ . In prac-
tice, we used Nt = Nw = 300000, r = 4, γ = 40.
When calculating ΣR, there is a subtlety that ΣR(t =
0) cannot be determined directly because it requires high
frequency information. Uncertainty in ΣR(t = 0) forbids
brute force calculation of Im ΣR(ω). To circumvent the
problem, we instead calculate ΣK first
ΣK(t) =
1
2
U2GK(t)|GR(t)|2 + 1
4
U2GK(−t)GK(t)2
+
1
4
U2GK(−t)GR(t)2 (t > 0),
ΣK(−t) = −ΣK(t)∗ ,
(A1)
and then obtain Im ΣR by the FDT
ΣK(ω) = 2i tanh
ω
2T
Im ΣR(ω) . (A2)
The algorithm goes like the following:
1. Initialize GR(ω) using the conformal limit value.
2. Calculate GK(ω) using FDT, then Fourier trans-
form to time domain.
3. Calculate ΣR(t) using EoM, then Fourier transform
to frequency domain.
4. Calculate the new Green’s function G˜R.
5. Update GR by GR → (1−α)GR+αG˜R. In practice
α = 0.3.
6. Go back to step 2 and repeat until the iteration
reaches the convergence criterion maxω |GR(ω) −
G˜R(ω)| < 10−4.
For the imaginary time EoM, we use the same algo-
rithm as above with the following changes: Instead of
arbitrary discretization, we discretized in fermionic Mat-
subara frequencies. We could directly calculate Σ with-
out the subtlety of ΣR(t = 0). To compute the en-
tropy, we used Nw = 2
20 and set convergence goal to
10−14. To facilitate convergence, we adjusted α during
the iteration19: We initially put α = 0.5, and we moni-
tored the error maxω |GR(ω) − G˜R(ω)|. If the error in-
creases we reduce α by a half.
2. Solving for OTOC
As discussed in the maintext, we extract λL(q) by
searching for singularities of M = 1 − LK. First, we
need to calculate the matrix elements L(Ω, ω) and K(Ω),
which includes
1. GW (Ω): We can construct it from the spectral func-
tion we obtained earlier (see Appendix D). Note
that we actually need self-convolution of GW (Ω),
which is calculated using fast Fourier transform.
2. GR(Ω + iλ/2) = GA(Ω− iλ/2)∗: For this, we need
to analytically continue it into the complex plane.
There are two ways to do this: First, Fourier trans-
form GA(t)e
λt, which is quick but not very accu-
rate. The second way is to use the spectral func-
tion G(z) =
∫
dx
2pi
A(x)
z−x , which is accurate but fairly
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slow. Fortunately, we found that the error between
the two methods for GA(z) only weakly depends
on Im z and it can be accurately interpolated as a
function of Re z and Im z. Hence, we can use the
spectral function method to calibrate the Fourier
transform method, and then use the Fourier trans-
form method for calculation.
After having the matrix elements, discretize Mω,q in
frequency space. The frequency unit Ω0 is the same as
the previous section, and the highest frequency is LΩ0.
We found L = 3000 sufficient in practice.
The following algorithm computes the scrambling rate
λL and short-distance scrambling diffusion coefficientD∗.
For each λ = −iω and q, we compute H(λ, q) which is the
absolute value of the smallest eigenvalue of Miλ,q. Then
we numerically minimize H(λ, q) over λ to obtain λL.
To extract the chaos diffusion coefficient, we calculate
λL(q) for different values of small q, and fit for D∗ using
Eq.(2.13).
To compute the long-distance scrambling diffusion co-
efficient Dchaos, we instead fix λL = 2piT , and minimizes
H(2piT, i|q1|) over |q1| to obtain |q1| and Dchaos. As for
v∗, we computed it by varying λL a little bit and then
use v∗ = ∆λL(q1)/∆q1, where ∆λL = 0.005× 2piT .
3. Computing Entropy and Heat Capacity
The entropy S is computed using Eq. (6.5) and the
imaginary time Green’s function. We expect there to be
non-universal correction at the order of t0/U and T/U ,
so it is preferred to put U as large as possible. However,
we found that Eq. (6.5) converges poorly at small T/U
ratio. To solve this problem, we observed that both poor
convergence and non-universal corrections overestimate
S, so at a fixed T/Ec, we computed S for various U and
took the minimum, as shown in Fig. 20.
To compute the heat capacity C, we interpolated
S(T/Ec) using third-order spline method, and then per-
formed numerical differentiation.
Appendix B: Keldysh Formalism
In Keldysh formalism, the time contour of path in-
tegral is doubled to have both a forward branch and
a backward branch (see Fig. 26). The action is thus
SK =
∫
Cβ
dtddxL(φ, ∂φ), where the field φ has sup-
port over the whole contour Cβ . Since we are only in-
terested in equilibrium physics, we can send the initial
time t0 → −∞ and decouple the imaginary branch. The
action can thus be written in terms of fields on the ±
branches as SK = S0[φ+]− S0[φ−], where S0 is the orig-
inal action and the minus sign is due to different orien-
tations of time integration.
We then discuss correlation functions in Keldysh for-
malism. Correlators computed from the Keldysh path
t0t
t0 − iβ
FIG. 26. The time contour Cβ for Keldysh formalism.
integral are path ordered with respect to Cβ . They are
related to usual correlators in the following way:
〈Pφ+(t1)φ+(t2)〉 = 〈T φ(t1)φ(t2)〉,
〈Pφ+(t1)φ−(t2)〉 = 〈φ(t2)φ(t1)〉,
〈Pφ−(t1)φ+(t2)〉 = 〈φ(t1)φ(t2)〉,
〈Pφ−(t1)φ−(t2)〉 = 〈T˜ φ(t1)φ(t2)〉,
(B1)
where T and T˜ are time ordering and anti-time ordering
respectively. Note that the above four correlators are not
independent because of the identity
〈Pφ+(t1)φ+(t2)〉+ 〈Pφ−(t1)φ−(t2)〉
=〈Pφ+(t1)φ−(t2)〉+ 〈Pφ−(t1)φ+(t2)〉. (B2)
Due to the above redundancy in ± notation, it is more
convenient to organize fields in the “classical-quantum”
or “r − a” notation, which is
φr =
1√
2
(φ+ + φ−), φa =
1√
2
(φ+ − φ−). (B3)
We write correlators with the notation Gα1...αn =
〈φα1 . . . φαn〉, where αi = r, a. There are three indepen-
dent two-point functions, they are
GR(t1, t2) = −iGra(t1, t2) = θ(t12)〈[φ(t1), φ(t2)]∓〉,
GA(t1, t2) = −iGar(t1, t2) = −θ(t21)〈[φ(t1), φ(t2)]∓〉,
GK(t1, t2) = −iGrr(t1, t2) = −i〈[φ(t1), φ(t2)]±〉,
(B4)
where the subscripts on the RHS are for boson/fermion
respectively. In Eq. (B4), GR(GA) is the usual retarded
(advanced) Green’s function and GK is called Keldysh
Green’s function.
The fourth combination Gaa vanishes identically due
to Eq. (B2). This can be generalized to the so-called
“largest time equation”43, which states that
Ga...(t1, . . . ) = 0, if t1 is the largest time. (B5)
In equilibrium, there is a further constraint on
GR, GA, GK , which is the fluctuation-dissipation theo-
rem:
GK(ω) = (GR(ω)−GA(ω))×
{
coth(ω/(2T )), boson;
tanh(ω/(2T )), fermion,
(B6)
where G(ω) denotes the Fourier transform.
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Appendix C: Feynman Rules for OTOC
The retarded OTOC is calculated in the time contour
Fig. 5. The calculation uses generalized Keldysh formal-
ism with two time folds. In this section we try to under-
stand the Feynman rules of Keldysh perturbation theory,
especially i’s and ± signs. The rules are the following:
1. Each diagram has two horizontal skeletons and
the top (bottom) corresponds to fold 1 (fold 2).
Bosonic OTOC has an overall minus sign.
2. Horizontal right(left)-directing propagators are re-
tarded(advanced). Vertical propagators are Wight-
man propagators.
3. Each boson retarded, advanced and Keldysh prop-
agator has a factor i. Each boson Wightman prop-
agator has a factor of 2.
4. Each fermion retarded and Keldysh propagator has
a factor i, and fermion advanced propagator has
a factor −i. Each fermion Wightman propagator
has a factor of 2, and if the c† in the propagator
comes from fold 2 (see Fig. 5), an extra minus sign
is added.
5. Each interaction vertex has a factor of i21−n/2ζ,
where n is the number of legs (the degree of the
vertex). If the vertex involves fermions and sits at
fold 2, ζ = −1, otherwise ζ = 1.
6. Each fermion loop has a minus sign.
The additional factors such as couplings and symmetry
factors are the same as the usual perturbation theory.
Next, we try to show the above rules by examples.
We will focus on factors due to Keldysh formalism, and
suppress others such as couplings and N dependence.
Since there are two time folds, we index the fields with
the “r − a” notation and an extra fold index i = 1, 2,
i.e.φ1(t) = φ(t), φ2(t) = φ(t− iβ/2).
We first look at boson OTOC, which is
h(t) ≡ θ(t)〈[φ(t− iβ/2), φ†(−iβ/2)]†[φ(t), φ†(0)]〉
= −〈φ†r2(t)φa2(0)φr1(t)φ†a1(0)〉.
(C1)
In the second line, we obtained the overall minus sign
mentioned in rule 1.
To zeroth order, we can use Wick theorem to evaluate
Eq.(C1),
− 〈φ†r2(t)φa2(0)〉〈φr1(t)φ†a1(0)〉 = −(iDA(−t))(iDR(t)),
(C2)
which is an example for rule 2 and 3. Next we consider
what happens when we add interaction vertices. Suppose
the original Lagrangian contains a term
L ⊃ λφφ†,
where λ is another real scalar field. To get the corre-
sponding term in the Keldysh action, we need to write
fields in terms of the r − a variables. In this process,
we divide by
√
2 for each field in the vertex, but we
also multiply by 2 when we add contributions from the
± branches, so we have obtain the factor mentioned in
rule 5. The final result should be antisymmetric under
φ±, λ± → φ∓, λ∓, so it should contain odd number of
a’s. For the example above, the result is
LK ⊃ 1√
2
∑
i=1,2
λiaφirφ
†
ir+λirφiaφ
†
ir+λirφirφ
†
ia+λiaφiaφ
†
ia.
(C3)
Then we insert one vertex to fold 1, 2 respectively to
get the one-rung diagram for h: (fields with time argu-
ment are external legs)
−〈φ†r2(t)
i√
2
λr2φa2φ
†
r2φa2(0)φr1(t)
i√
2
λr1φ
†
a1φr1φ
†
a1(0)〉
= − i
2
2
(iDR)(iDR)(iDA)(iDA)(2DW ).
(C4)
Here, each propagator in fold 1 comes as φr1φ
†
a1 = iDR,
while each propagator in fold 2 comes as φ†r2φa2 = iDA.
In Eq.(C4), there is a new type of contraction 〈λr2λr1〉,
which evaluates to
〈λr2(t)λr1(0)〉 = 2〈λ(t− iβ/2)λ(0)〉 = 2DW (t), (C5)
where we have used the definition of Wightman correlator
(D1).
Now we switch to the fermion case, and the goal is to
understand the extra minus signs. The fermion OTOC
is
f(t) =θ(t)〈{ψ(t− iβ/2), ψ†(−iβ/2)}†{ψ(t), ψ†(0)}〉
=〈ψ†r2(t)ψa2(0)ψr1(t)ψ†a1(0)〉.
(C6)
Use 〈ψr(t)ψ†a(0)〉 = iGR(t), 〈ψ†r(t)ψa(0)〉 = −iGA(−t),
we get to zeroth order
(iGR(t))(−iGA(−t)). (C7)
We see that each fermion propagator in fold 2 appears as
ψ†rψa, so they must be exchanged and we get a minus for
GA.
We can repeat the same exercise at one-rung order, the
difference from the boson case is the following: First, for
each vertex in fold 2, it appears as ψ†r2ψa2, and a typical
contraction looks like
ψ†r2(t)ψ
†
r2ψa2ψa2(0),
so we must switch ψ,ψ† in the vertex, and this yields
a minus sign for each fermion vertex in fold 2. Second,
there are two ways to give rise to Wightman correlator:
(1) : 〈Pψr2ψ†r1〉, (2) : 〈Pψr1ψ†r2〉.
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Here we have explicitly written out path ordering for em-
phasis. In the second case, the path ordering exchanges
the two operators and generates a minus sign.
Appendix D: Wightman Propagators
For a complex field O(t) (fermion or boson, and we
suppress spatial indices), the Wightman propagator is
defined as
GW (t) ≡ 〈O(t− iβ/2)O†(0)〉. (D1)
Here, we choose the two operators to be separated by
iβ/2 in imaginary time due to our computation scheme.
In frequency space, GW can be conveniently expressed
in terms of spectral functions as
GW (ω) =

A(ω)
2 cosh(ω/2T )
, (fermions);
B(ω)
2 sinh(ω/2T )
, (bosons).
(D2)
Appendix E: U = 0 limit
The U = 0 limit of the phonon model is exactly soluble,
the Green’s function is
GR(ω) =
2
ω + i
√
4(t20 + gT t0)− (ω + i0)2
. (E1)
The resistivity at low temperature is
ρ =
pi
2
(
1 +
gT
t0
+
pi2T 2
12t20
)
. (E2)
The inverse of thermal conductivity is
T
κ0
=
3
2pi
(
1 +
gT
t0
+
7pi2T 2
20t20
)
. (E3)
Appendix F: Dimensionless Form
In this section, we demonstrate that the physics of the
phonon model is controlled by two dimensionless parame-
ters: the temperature T/Ec (Ec = t
2
0/U) and the phonon
coupling gt0/U .
We start with the equation of motion in imaginary
time, which reads
G−1(ω) = iω − Σ(ω), (F1)
Σ(τ) = (t20 + gt0T )G(τ) + U
2G(τ)2G(−τ). (F2)
Write various quantities in new units,
ω = ωEc, τ = τ/Ec, G(ω) = G(ω)/t0, Σ(ω) = Σ(ω)t0,
and we get
G
−1
(ω) = iω
Ec
t0
− Σ(ω), (F3)
Σ(τ) = (1 +
gt0
U
T
Ec
)G(τ) +G(τ)2G(−τ). (F4)
As a result, when Ec  t0 the relevant dimension-
less parameters are gt0/U and T/Ec. From the EoM it
may seem that only their product is relevant, but the
temperature also has influence through the Matsubara
summation, whose step width is ∆ω = 2piT/Ec.
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